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A reference sheet is provided at the back of this paper

In Questions 11-16, show relevant mathematical reasoning and/or
calculations

Total Marks: Section I - 10 marks (pages 3-7)
100 Attempt all Questions 1-10
Allow about 15 minutes for this section

Section II - 90 marks (pages 8-13)
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section



Section |

10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Question 1-10.

1. Imagine w is an imaginary cube root of unity, then (1 + w — w

(&)  —22020
(B) 220200)
(C) _220200)2
(D) 22020(1)2

2)2020

is equal to

2. Which of the following Argand diagrams describes the relationship defined by

arg(z —i) = arg(z + 1)?

Im(

24+

z)

Re(z)

+> Re(z)

(A) Im(z) (B)
2 +
1¢
+> Re(z) t
0 1 2 ’ -2
=3
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© im(2) (D)
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/])
t %o } +> Re(2) '
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3. The acceleration of a particle moving in a straight line with velocity v is given by ¥ = ~

Which of the following functions best represents v in terms of x?

1
A v=x+§

(B) v=33x+1

© x+1

<
Il

(D)

<
I
@

4, Givena =i —j+ 2kand b = 3i — 2j + k, the projection of a onto b is:

GV

N =
I
(\®)

(B)

I
I
N

©

N =
[E

(D)

[N IR
I
Uy

5. Ifa > b and ¢ > 0, which of the following must be true?

. a?>0b?

I. a—c>b-—c

a b
I11. = > =

A [ and II only
(B) Il and III only
© [ and III only
(D)  LllandlIl



6. The argand diagram below shows the complex numbers a and az?.

Ya

"\

1

(.

Which of the following best represents the positions of z and a?

A) Ya

4

© Y.

\B/” NN

ah

(B

ey
A\
Nars
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2a
7. Which of the following expressions is equivalent to f(x)dx?
0

2a

(A) fQa—x)dx
0

B —x)d

® | fa-odr

2a
© ZJ. f(2a — x)dx

2a
(D) 2| f(a—x)dx

0

8. What is the contrapositive of =4 = B?

(A) -B= -4
(C) -B=A

(D) B=A

9. Asphere is defined by = 4+/3.

|

Which of the following points lie outside of the sphere?

A (2,-3,2)
(B) (5,—6,4)
© (1,2,3)

(D) (1,0,-3)



10. A bob on a spring moves vertically in simple harmonic motion, with equation of motion given
as x = asinnt. Which of the following best describes the initial placement and motion of the

bob?

(4)
(B)
©
(D)

the motion starts at the top and moves downwards
the motion starts at the bottom and moves upwards
the motion starts at the centre and moves upwards

the motion starts at the centre and moves downwards

End of Section I



Section II

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a separate writing booklet.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Begin a new Writing Booklet
X

d
Find [ — % 2
@  Fin fﬂ+6x+w

(b) Letw=—/3+iandz=1+1i

) Find wz in the form a + ib. 1
(i) Find w and z in mod-arg form. 2
i Y 4
(iii) Hence, find the exact value of sin 7 2
(© Prove that the product of two consecutive even counting numbers is a multiple of 4. 2
& () Findabandcsuchthat o =ZFh, ¢ 2
(d) 6)) ind a, b and ¢ suc a(x2+4)(2—x)_x2+4 o
ii Find f 16 d 2
(ii) in T X.
(e) Solvez?—2iz+2=0. 2

End of Question 11



Question 12 (15 marks) Begin a new Writing Booklet

@

(b)

©

(d)

(e

(i) Provethata® + b? > 2ab.

(i)  Hence, prove that x? + y? + z% > xy + yz + zx.
1

(iii) Deducethatifx +y+z=1,then xy + yz+zx < 3

X

e
Use integration by parts to show that f e*cosxdx = > (sinx + cos x).

n

Prove that z r2" = (n—-1)(2"1) + 2.
k=1

Sketch the region defined by the union of

T[< <5T[
6_argz_ e

|z—i]| =2

Suppose that1l —i = e where a,b € R and —% <b< %

Find the exact values of a and b.

End of Question 12



Question 13 (15 marks) Begin a new Writing Booklet

(@) Find the angle between the vectorsu = (3,5,—2) and v = (-1, 2, 3).

® ©
(i)

Find the square roots of —24 — 10i.

Hence, or otherwise, solve z? — (1 — i)z + 6 + 2i = 0.

© Consider the polynomial P(z) = z* + 4z3 + 14z% + 20z + 25.

®

(i)
(iii)

@ O

(i)

It is known that P(—1 + 2i) = 0.
Show that P'(—1 + 2i) = 0 and explain the significance of this.

Explain why —1 — 2i is also a root of P(z2).

Hence, factorise P(z) over the complex numbers and then over the real.

Find the coordinates of P that divides the interval AB in the ratio 2: 3,
where A = (1,3,4) and B = (—4, 8, 2).

— —
Check the result by calculating |AB| and |AP|.

End of Question 13
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Question 14 (15 marks) Begin a new Writing Booklet

(@) Prove by contradiction that log; 4 is irrational.

er

(b) Use the substitutionu = e* + 1 to findf mdx.

(© @ Show that for k > 0,
! ! + <0
k+1)? k k+1
(i) Use mathematical induction to prove that for all integersn > 2,
1 1 1 1

1
F+?+§+"'+ﬁ<2—a.

(d) Using the substitution t = tan g, or otherwise, find

.]‘ dx
5+ 3cosx
(e) 6)) Find the vector equation 0f14—B>, given A = (4,8,3) and B = (5,10,4)
a d
in the formr; = lbl +Ale]l.
9 1
(i) Find the point of intersection of r; andr, = | 6 | + u|—4|.
~ ~ 10 2
End of Question 14

-11-
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Question 15 (15 marks) Begin a new Writing Booklet

(@) Prove by the method of mathematical induction that for any positive integer n > 0,

—(xM) = -
dx(x) nx™ 1,

(b) A particle moving in simple harmonic motion has a period of = seconds. Initially the

particle is at x = 2 with a velocity of 8 ms™1.

@ Find x as a function of t in the form x = b cosnt + ¢ sinnt.

(i) Find x as a function of t in the form x = a cos(nt — a), wherea > 0
and 0 < a < 2m.

(iii) Hence, find the amplitude and the maximum speed of the particle.

(© OABC is a parallelogram. O_A) is represented by the vector a and R is represented
by the vector c.

M is the midpoint of BC and N is the point on OB such that ON: NB = 2: 1.
A B

) Find expressions for the following vectors, given your answers in simplest
—_— = — —>
form: ON,OM ,AN and AM.

(i) Show that the points 4, N and M are collinear.

End of Question 15

-12 -



Question 16 (15 marks) Begin a new Writing Booklet

(@) A skydiver jumps out of a stationary balloon and starts falling freely to Earth.
2
v

360

She experiences gravity of mg and air resistance of upwards.

Given that down is positive, x = t = 0 at the balloon and that g = 9.8 ms 2,

2

v
@ Show that ¥ = g — 360 and find her terminal velocity.

60g
360g — v?

skydiver reaches 50 ms™1,

(i) Show that x = 1801n ( ) and find the distance fallen when the

(iii) Find the time taken for the skydiver to reach this speed.

1
2 1

(b) Letl, = f REYDR dx, where n is a positive integer.
0

6)) Find the value of I;.

2nl,, 4 1
2n—1 2"n+1(1 —2n)

(ii)  Using integration by parts, show that I, =

(H' o m _ 1+m—1)
T A T @+ mynt

1
2 1

(iii) Hence, evaluate I3 = L mdx.

End of Examination

-13 -
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